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The Batchelor passive advection is an advection by a smooth velocity 
field. If the velocity field is a <5-correlated in time random Gaussian process, 
then the problem is reduced to quantum mechanics of fluctuating velocity 
gradient For the finite-time correlated velocity field, such a reduction 

does not exist. To illustrate this point, the second moment of a passively ad- 
verted magnetic field is considered, and the stochastic calculus is used to find 
finite-time corrections to its growth rate. The growth rate depends on large 
scale properties of the velocity field. Moreover, the problem is not universal 
with respect to the short-time regularization: different regularizations give 
different answers for the growth rate. 
PACS numbers: 47.27.Gs 



I. INTRODUCTION 

Magnetic field passively advected by an incompressible velocity field obeys the induction 
equation 

d t B i + v k d k B i - B k d k v i = rjAB\ (1) 

where r\ is the diffusivity. We will assume that the diffusivity is negligibly small (large Prandtl 
number), and the magnetic field is therefore frozen into the fluid. The incompressibility of 
the velocity field is not relevant for further calculations; for the compressible case, Eq. ([]]) 
holds for B % I p, where p is the density of the fluid. The random velocity field is assumed to 
be Gaussian in the Eulerian frame: 

(v\x,ty(x',t')) = re«(x-x',t-< / ), (2) 

where /c* J '(x, t) is an arbitrary function regular at x = 0, this is the so-called Batchelor 
regime Q. The solution of the Eq. (|1|) is 

B> ix ,t) = B' + )^fldrB^B> + P) 
o y 

where y % = x l (y,0) and B l Q = B l (y,0) are initial values of the fluid-particle coordinate and 
of the magnetic field. The object v l (y,T) in the integrand is the Lagrangian velocity field. 
The Eulerian velocity has the form v l (x, r) = v l (y(x, r), r). To make use of the formula (0), 
we need to "stop" the moving point x l = x l (y, t) in the function v l (y(x, t),t). This is done 
differently in the Eulerian and Lagrangian frames (see Fig.[l|). 
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II. LAGRANGIAN FRAME 



In the Lagrangian frame, y is fixed and we need to express v l (y,r) in terms of v l (y,r). 

The general expression is v l (y,r) = v l \y k + J v k (y,T'),r \ . For small t, we expand this 

V o J 

T 

expression up to the second order in / v l (y,r'), and iterate once with respect to v. We 

o 

obtain 

T T T 1 T T 

v\r) = v\r) + v\{t) J v\r>) + v\{r) J v){r') J v^r") + -v^r) J v\r') J v\r") + . . . , (4) 



where all the velocities are taken at the point y, and we use the short-hand notation v\(t) = 
dv l (y,r)/dy l and Uy(r) = d 2 v l (y, r)/dy l dy j . 

To obtain the equation for the second moment of B l , we substitute the expansion (^) 
into the formula (|3|), raise the latter to the second power and average using formula (0). 
We assume that t is much smaller than the inverse growth rate of the second moment, 
and that the correlation time r c is much smaller than t. Assuming isotropic and spatially 
homogeneous initial distribution, (Bq) = 0, (BqBq) = 2^H 2 (0), we find the equation for 
the second-order moment H 2 (t) = (|B| 2 )(t) in the Lagrangian frame. For the incompressible 
velocity field, it takes the form 

±H 2 = -i/cjfla - ^r c (4 lm K lm - 8KfK^ m + 10^^)^. (5) 

To derive this equation we assumed that n(y,t) ~ K(y)T(t), where T(t) is a 5 function 
smeared over the correlation time r c . In particular, we have chosen the "box" regulariza- 
tion: T(t) = l/r c for t G [— r c /2, r c /2], and T(t) = otherwise. The coefficients in the 
correction terms in the formula @ are given by the following integrals: 

I 1 = l -JjT^-T.)]]lV-^ = ~*r. + -, W 

T2 n 

t t n T2 

h = 2j J J jT(r 2 -r')T(r 1 -r") = -tr c+ ..., (7) 



h = jjnn-rij] T (r>-r") = t-^tr c + .... (8) 



All the derivatives of n(y) in formula (|5|) are taken at y = 0; the subscripts denote derivatives 
with respect to the corresponding components of y, and d is the space dimension. 

One can easily check that the first-order r c correction to the growth rate is negative. It 
is important to note that this correction is not universal since the integrals (|H^) depend on 
the chosen regularization T(t) of the S function. 
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III. EULERIAN FRAME 



In the Eulerian frame, the point x is fixed in the formula (H), and we need to 
express v l (y(x,t),r) in terms of v l (x, r). By analogy with the expression (||), we 

write v z (y, r) = v l \x k — / v k (y, r'), r I . The expansion now takes the form 



v\r) = v\r) - v\{r) I v\r>) + v\{r) I v^r') I v\r") + ~^.(r) / v l (r') / v\r") + ..., (9) 



where we use the short-hand notation v\(t) = dv l (x, r)/dx l . To calculate the second moment 
of B\ we have to use the expression (13): 



ir(M) = B Maj- / 



dv\y,T) 
dx k 



(10) 



dx k 



dr. Then, we substitute the ex- 



that should be expanded up to the fourth order in / 

o 

pansion @ for v. Finally, assuming isotropic and spatially homogeneous initial distribution, 
(B 1 ) = 0, (BqBq) = i<5 u if 2 (0), and making use of (|2|), we can find the equation for H 2 (t). 
We do not present the detailed calculation here since for the incompressible velocity field, 
the answer coincides with the Lagrangian case (^), as it should. 

The appearance of the term Kjji m K lm in Eq. (^|) shows that for the finite correlation 
time r c , the velocity field v l (x, t) cannot be treated as linear in the calculation of the growth 
rate. This is obvious since a Lagrangian particle is swept by the finite distance v % r c before 
the velocity field becomes decorrelated. The appearance of k(0) (or, equivalently, u Tms ) is 
a manifestation of the absence of the Galilean invariance. For the velocity field with finite 
correlation time, such invariance is broken as it can be seen from Eq. (E|). 







v(x,t) 


v(y,x) j 
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/ v(y,0V 


^* * 



y x(y,T) x(y,t) 

FIG. 1. Trajectories of Lagrangian particles. 
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IV. DISCUSSION 



The Batchelor advection, i.e. the advection by a smooth velocity field is a good model 
for many physical problems. It is usually a valid approximation when one is interested in the 
correlators of the advected fields on the scales l a d v that are much smaller than the viscous 
scale of the velocity field l v . 

An additional simplification arises when the correlation time of the velocity field r c is 
much smaller than the inverse growth rates of the advected fields. Mathematically, such 
a limit is described by the (^-correlated in time velocity field. In such a case, the growth 
rates depend only on k"(0), as a consequence of the scale invariance. In this case one can 
substitute the linear velocity field v l (x, t) = a l k {t)x k , (of (t^o^O)) = K^(0)5(t), for the 
real field, and thus reduce the field-theoretical problem to the quantum mechanics of the 
fluctuating matrix c|.(t); for details and references, see 

We have demonstrated that the possibility of such a reduction is an artifact of the 8- 
correlated velocity field, and have presented a simple method for calculating the finite-time 
corrections to the growth rates. The criterion of the applicability of the quantum mechanical 
reduction is not only ladv/h <S 1, but also r c dv/dx <C 1. For r c ^ 0, the universal growth 
rates do not exist, they are determined by the statistics of the velocity field on the integral 
scale and by the form of the short-time regularization. This fact is sometimes overlooked 
in the literature; in the present note we have tried to clarify the question. The general 
formalism allowing to systematically find the finite-time corrections to the dynamo growth 
rates, has been developed in by a different method. A simple discussion of the stochastic 
calculus applied to the dynamo problem can be found in ||. 

I am grateful to Alexander Schekochihin for many valuable discussions and comments 
on both the substance and the style of the paper, and to Michael Chertkov for important 
conversations. 



[1] G. K. Batchelor, "Small-scale variation of convected quantities like temperature in turbulent 

fluid," J. Fluid. Mech. 5, 113 (1959). 
[2] D. T. Son, "Turbulent decay of a passive scalar in the Batchelor limit: Exact results from a 

quantum-mechanical approach," Phys. Rev. E 59, 3811 (1999). 
[3] E. Balkovsky and A. Fouxon, "Universal long-time properties of Lagrangian statistics in the 

Batchelor regime and their application to the passive scalar problem," Phys. Rev. E 60, 4164 

(1999). 

[4] M. Chertkov, G. Falkovich, I. Kolokolov, and M. Vegassola, "Small-scale turbulent dynamo," 

Phys. Rev. Lett. 83, 4065 (1999). 
[5] A. A. Schekochihin and R. M. Kulsrud, "Finite correlation time effects in kinematic dynamo," 

astro- ph/0002175| , (2000). 
[6] Ya. B. Zeldovich, A. A. Ruzmaikin, and D. D. Sokoloff, The Almighty Chance (World Scientific, 

New Jersey, 1990). 



4 



